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Discrete Probability Distribution

Definition: The probability distribution of a
discrete random variable X is atable with all
possible values that X assumes, 1.e., X=X,
with the frequency of occurrence of each

value (probability)




Probability distribution of X, the number of selzures
among 100 epileptic patients followed-up since initial
diagnosis

Frequency of
X occurrence P(X =x) Prob
0 1 1/100 0.01
1 3 3/100 0.03
2 6 6/100 0.06
3 8 8/100 0.08
4 12 12/100 0.12
5 18 18/100 0.18
6 21 21/100 0.21
7 14 14/100 0.14
8 12 12/100 0.12
9 4 4/100 0.04
10 1 1/100 0.01

100 100/100 1



Probability distribution of X, number of seizures
among 100 followed-up epileptic patients
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Properties of a probability distribution of a
discrete random variable, X

Properties:
If x takes on values of x, X,,..., then
Frequency functionisp(x) = P(X = X)
0< p(x) <1
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Probability questions

What' s P(X=2)?=0.06
What' s P(X=6)?=0.21
What's P(X=6) or P(X=7)?= 0.21 + 0.14= 0.35

Note: probabilities for mutually exclusive events can
be added together according to Kolmogorov’s axiom:

When Events E1 and E2 are mutually exclusive,
P(E1lor E2) = P(E1) + P(E2)



Cumulative Distributions

e Cumulative distributions can be more
convenient to work with 1n some occasions

e Cumulative distributions are based on the sum
of probabilities

F(X) = P(X <X), — 00 < X< 00



Cumulative Distribution Function, F(x) or “cdf”

Frequency of
X occurrence P(X=x) p(x) F(x)
0 1 1/100 0.01 0.01
1 3 3/100 0.03 0.04
2 6 6/100 0.06 0.1
3 8 8/100 0.08 0.18
4 12 12/100 0.12 0.3
5 18 18/100 0.18 0.48
6 21 21/100 0.21 0.69
7 14 14/100 0.14 0.83
8 12 12/100 0.12 0.95
9 4 4/100 0.04 0.99
10 1 1/100 0.01 1
100 100/100 1



Cumulative Distribution Function for number of
selzures among 100 epileptic patients

Note: the jump at x; is p(x)



Properties of Cumulative Distribution Function

Properties;
im F(x)=0
limF(x) =1




Questions drawing on cdf

What’ s the probability that a
patient selected at random will
have less than 5 selzures?

P(X <5)=P(X =0)+P(X =1)+ P(X = 2) + P(X =3)+ P(X = 4)
= 0.01+ 0.03+ 0.06+ 0.08+0.12
~03



Questions drawing on cdf

What’ s the probability that a
patient picked at random will have
5 or less (at most 5) salzures?

PIX <5 =P(X=0+P(X=D)+P(X=2)+P(X=3+P(X=4)+P(X=5H
=0.014-0.03+0.064-0.084-012+0.18
=048



Questions drawing on cdf

What’ s the probability that a
patient picked at random will have
5 or more (at least 5) selzures?

P(X >5)=1-P(X <5
=1-043
=0.52



Binomial Distribution

Derived from Bernoulli trial:

Experiment or trial with only one of two mutually
exclusive outcomes (failure or success)

Bernoulli Process:
— Each tria has one of two mutually exclusive outcomes
— Probability of success remains constant from trial to trial

— Trias are independent: outcome of any particular trial does
not influence outcome of any other trial




Bernoulli Process

Tids fipeon3ine e
Coding: 101 =P
P(0,1,1) = gpp

= p°Qg

P(11,0) = ppq

= p'g



Binomial Probability

Interest is the probability of x successes and n-x
falluresin ntrials

p Is probability of success, 1-p is probability of

failure (g=1-p)

A seguence of x successes within ntrials (n-x

failures) occurs with probability )
pPA-p"”

Number of waysto assign x successto ntrialsis

n B Nn!
x]_ x!(n— Xx)!




Binomial Probability

Fair coin isflipped three times (n=3). How
many sequences are there for 2 heads (x=2)
among the three flips?

n) n!
expermentwith thee tials <) X!(N—x)
Mal 1 2 3 4 5 6 7 8 [3]__ 3
1 H H HHT T T T 2) 21(3-2)!
2 H H T T T T H H _ 3x2
3 H i ; T T H T ; . 2



Permutations of like objects

Definition: The total number of permutations of all n
distinct objectsfor whichr, are dlike, r, are alike,..., r,
arealikeis

n!
- i Ix...xr!
r,=2 heads n) n!
r,=1tall x)  xI(n—x)!
HHT 3 |
HTH ¥ 3
THH 2] 2!(3-2)!




Binomial Probability

Probability of x=2 successes (heads) in n=3
Independent trials (flips) Is

P(x)=|_|p (1-p)""

n
X
3

= 0.5%(0.5)°°?
|0.5%(0.5)

— 3(0.25)(0.5)
— 3(0.125)

= 0.375 = 3
8



Binomial Probability

Possible outcome of single
experiment with three trials

Tmal 1 2 3 4 5 6 7 8
1 H H H H T T T T
2 H H T T T T H H
3 H T H T T H T H

Prob 1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8

t 1t t



Table of Binomia Coefficients

n n n n n n n n n n n
n 0 1 2 3 4 5 6 7 8 9 10
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
S 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 126 126 84 36 9 1
10 1 10 45 120 210 252 210 120 45 10 1
11 1 11 55 165 330 462 462 330 165 55 11
12 1 12 66 220 495 792 924 792 495 220 66
13 1 13 78 286 715 1287 1716 1716 1287 715 286
14 1 14 91 364 1001 2002 3003 3432 3003 2002 1001
15 1 15 105 455 1365 3003 5005 6435 6435 5005 3003
16 1 16 120 560 1820 4368 8008 11440 12870 11440 8008
17 1 17 136 680 2380 6188 12376 19448 24310 24310 19448
18 1 18 153 816 3060 8568 18564 31824 43758 48620 43758
19 1 19 171 969 3876 11628 27132 50388 75582 92378 92378
20 1 20 190 1140 4845 15504 38760 77520 125970 167960 184756




Binomial Frequency Function, B(n,p)

 |f the probability that an offspring is affected with a
trait 1s 0.25, then what is the freguency function for
the probability that X offspring are affected out of

107

(

p(x) = ”] (L )"
| X

0.254(0.75)°*  x=0,1,2,...,10

| X



X

P (X=x)
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0.056314
0.187712
0.281568
0.250282
0.145998
0.058399
0.016222
0.003090
0.000386
0.000029
0.000001

B(10, 0.25)

0.3 -

0.25 m

02

0.15

01

0.05 T
0




Poisson Freguency Function

For large n and small p (npg<5), the binomial is
approximated by the Poisson distribution

P(X =2)=—e¢ r=0,1,2,...

where A=np is the rate parameter.

Example: If atelephone rings 6 times a day, what
IS the probability that it will ring 4 times on a given
day?

6* (1296)(0.0025)

PX:4 :—_6: — ].
( ) Tk o1 0.135




Poisson Distribution (A=10), “P(10)”
Poizzon distribution, PT0Y - 10000 terations
0.13 -
010 -
003 -
(03 -

0.03 -

|:||:||:| ' l I I I ‘ | I — |
-0.24 4 56 9.36 1416 1896 2376



P(30)

Poizzon distribution, PC30Y - 10000 terstions
0.07 -

0.06 1
0.04 -
0.03 1

0.01 1

0.00 | .|||!| | Ullll. |
057 9 69 19.59 a0.09 40 29 50.43




Multinomia Distribution

Definition: When there are more than k possible
outcomes per trial, the probabilities for each outcome
remaining the same for each trial, and the trials are
Independent, the probability of x, outcomes of the first,
X, of the second kind,..., and x, of the kth kind inn trials
IS

n!
X X IX e XX ]

X X X
P Py" XX Py

P(X, Xy X,) =




Multinomia Probabilities

Assume a single locus two-allele model (no HWE). Genotype
frequenciesfor AA, Aa, and aa are P,,=0.23, P,,=0.47,
P_.=0.30. What isthe probability of observing 1 AA, 3 Aa,
and 6 aa genotypes among 10 genotyped subjects?

!
P(1AA 3Aa, 6aa) = 1|2?é | (0.23)*(0.47)°(0.30)°

= 0.0146



Continuous Distribution
Normal Distribution, N(15,2.25)

 Normal distribution has two parameters, mean,
1, and variance, o.

* Probability density function (pdf) is:

R T

He) = e




005 7
0.04
003
0.0 7
007

N(15,2.25)

0.00
234

742

10,59

14,37

17.54

21,32



004 1
004 1
INIER
002
.07 1

N(15,4)

0.00
323

.95

11.57

16,13

20.51

2482



Standard Normal Distribution

Consider Z = K
o

We know that




Standard Normal Distribution, N(0,1)

Marmal diztnbution, M0, 0,0] - 20000 kerations

0.04

[.04 -
[.03 -
0.02 -
0.07 -

0.0

-F.07

-4.85

-2.B3

.40

”Mllln...
0

4.3



Standard Normal Distribution

Average patient weight, u=150 LBS, c=15.

What is the probability that a randomly selected
patient welghs between 120 to 130 LBS?

130 — 150) ) (I)(IQO - 150)
15 15

P(120 < X < 130) = cI)(
= ®(—1.33) — &(—2)
= (1 —0.9082) — (1 — 0.9972)
= 0.0918 — 0.0228
= 0.069



Standard Normal Distribution

170 — 15())
15

P(X > 170) = P(Z >

— P(1.33)
—1—0.9082
— 0.0918



Standard Normal Distribution

P-1< X <1)=®&(1)— d(—1)
— 0.8413 — (1 — 0.8413)
— 0.68

P2 <X <2)=®(2)—d(—2)
= 0.9772 — (1 — 0.9772)
~ 0.95

P(-3< X <3)=d(3)—D(-3)
= 0.9987 — (1 — 0.9987)
= (0.9974



Standard deviations

3 99.7%
o 9% i
. 68%




Log-normal Distribution, In(Y) is distributed N(«,02), since
Y=¢4

0.0 -
0.05 -
0.04 -
0.02 -

0.07 -

I:II:”:I ||‘ H““”“IIIH. | | |
0.71 1726 da8l b0k BRI H3db




Triangle Distribution
(L ack-of-knowledge Distribution)

Trangle distnbution, TRIT0,20,50) - 30000 terations
0.02 7

002 1
0.07 1
0.07 1

0.00 1
A HHH\HHnm...,

0.00
4 51 1259 2296 31.53 40,57 49.45




Standard Uniform Distribution, U(0,1)

Lniform distribution, U017 - 30000 terations
0.01 7

001 7
001 7
0.00 7

0.00 7

.00
-0.01 0.14 .39 .24 0.74 0.99
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