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Introduction

e Principal components analysis (PCA) is useful for reproducing the to-
tal variance among a large number of variables using a much smaller
number of artificial variables called “latent factors,” or principal com-

ponents

e This lecture provides the multivariate statistical theory behind PCA

e This includes the principal factor solution to the factor model of the
correlation matrix R, extraction of factors (components) from R



e Note, we will be focusing on PCA of rows of an n X p data matrix,
which represent genes. The columns are represented by arrays (patients
or samples)

Multivariate statistical theory of principal components analysis
Matrix definitions

Let M(%P) €XR be the set of all data variables over the field of real numbers,
and M(p)eﬂ% the set of symmetric p-square matrices over the field of real
numbers. Define the data matrix Y €My, p(It) with n rows and p columns
as a function on the pairs of integers (i,7), 1< i < n, 1 < j < p, with
values in Y in which y;; designates the value of Y at the pair (4, j) shown



asS
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Because of random fluctuations in results across the experiments (ar-
rays), the data matrix Y is standardized to remove noise. Standardiza-
tion of Y is performed using the sample mean vector, ¥, consisting of
array(column)-specific means and standard deviations

. 1/2
Sj = Z yZ] /Z yZ] n_ln_l : (2)
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Elements of the n x p standardized data matrix Z are

= (i —Uj)/sj - (3)

The pairwise correlation between genes k£ and [ given is then calculated



from the row means and row standard deviations of Z in the form

P
> ((Zem — 21)/sk) ((zim — 21) [ 51)
= (4)
p
with summation over arrays 1 to p. This results in an nxn (“gene by

gene”) correlation matrix

Tkl =

11 12 -.. T'n
T T ... T
R — 21 122 2n . (5)
an . . * . .

Principal component solution to the factor model of R

By the Principal Axis Theorem, there exists a rotation matrix E and
diagonal matrix A such that ERE’ = A. Pre-multiplying both sides
by E, and post-multiplying by E’, vields the principal form (or spectral
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decomposition) of R given as

€11 €12 ... €1n )\10 ... 0 €11 €21 --. €nl
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ep1 €2 - Enn | |0 0 ... An | [en em o enn

(6)

where columns of E and E’ are the eigenvectors and diagonal entries
of A are the eigenvalues. Eigenvectors and associated eigenvalues are
extracted from EAE' using the iterative Jacobi method.

The Jacobi method, which is a “foolproot” but time-consuming algorithm
for finding the eigenvalues and eigenvectors of a symmetric square matrix,
coes as follows. Before iterating, set Ag=R and Eg=I. Use Meglicki’s
133] method to speed up the Jacobi transformation by looping 50 times,
calculating a threshold each time as

11 n—1 n :
577 2p—1 Apg 1 < uter <3

threshold = q=p+17P¢ - (7)
0 iter > 3




where A\pq (p < ¢) are off-diagonal elements in the upper triangular of
Ag and n is the number of genes. During each iteration, loop through
all Ay, off-diagonal elements of Ag (i.e., p=1 to n-1; ¢ = p+1 to n).
Within the loops for p and g, if Apg exceeds threshold for that iteration,
then rotate the off-diagonal element Ap, and calculate new corresponding
eigenvalues App and Agq on the diagonal of Agy. After the third iteration,
off-diagonals, Ayq, that do not strongly influence eigenvalues undergoing
rotation, i.e., |App| + 100|Apg| = [App| and |Agq| + 100|Apg| = |Agq| are
set to zero. During the rotations, let p=(App-Agq)/2 and calculate w as

A
w = sgn(p) 2pq = (8)
\/ Apg + 1
Calculate trigonometric relationships
sin (6 - (9)

/¢21+VTj53
cos(6) = /1 — sin2(9). (10)




and substitute into the n X n rotation matrix S as
‘10 0]
S=1{0TO0O (11)
00 1

where the top row partition has p-1 rows, the bottom row partition has

n — grows, and the T matrix with ¢ — p+1 rows is

cos(0) 00 -+ 00 —sin(f)
0 10---000

T = : . (12)

0 00---010

sin(@) 00 --- 00 cos(f)

The iterative matrix operations A,,+1=SA,S" and E,;,=SE,, are car-
ried out during rotations within each iteration. When the sum of the
off-diagonal elements of A, is less than, say, 0.01, then terminate the
program. Most runs are completed after about 6-8 iterations. After m
iterations, A,, will be a diagonal matrix with near-zero off-diagonals and
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diagonal elements equal to the n eigenvalues of R, and E,, will be the

matrix of eigenvectors of R. A check should be made to ensure that
R=EAFE'.

Extraction of components

Now that the eigenvalues of R are known, they are sorted in descend-
ing order. Because the total variance of R is n and each eigenvalue
contributes \;;/n to total variance, only components whose eigenvalues
exceed unity, \;; > 1, are extracted from A and used in the quicksort.
(At this point, notation for eigenvalues changes from Ay, to Ayp). Thus,
m sorted eigenvalues are selected with values greater than unity so that
AZA> .. > A

Since each eigenvalue represents a component, there will be m compo-
nents selected. The correlation between each gene expression profile and



the m components is represented by a matrix of loadings given as

Ve Ve o Ve,
I | VAaiear Vasens - Vamean 13)
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where rows represent gene expression profiles and columns represent com-

ponents, and, for example, \/A\jeq7 is the loading (correlation) between

gene 1 and component 1.




